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It is well known that the reduced state of a two-mode squeezed vacuum state is a thermal state—
i.e. a state whose photon-number statistics obey a geometric distribution. More exotic broadband
states can be realized as the reduced state of two spectrally-entangled beams generated using non-
linear optics. We show that these broadband “pseudothermal” states are tensor products of states
in spectral Schmidt modes, whose photon-number statistics obey a geometric distribution. We
study the spectral and temporal coherence properties of these states and show that their spectral
coherence can be tuned—from perfect coherence to complete incoherence—by adjusting the pump
spectral width. In the limit of a cw pump, these states are tensor products of true thermal states,
but with different temperatures at each frequency. This could be an interesting state of light for
investigating the interplay between spectral, temporal, and photon-number coherences.
I. INTRODUCTION
Thermal states are of fundamental and practical
interest. Although they are diagonal in the photon-
number and coherent-state bases, they can behave
non-classically. They can be used for generating
non-classical states [1, 2], or for mediating entan-
glement between quantum systems [3]. They can
also be used for quantum information protocols such
as continuous-variable quantum key distribution [4],
and improving the efficiency of quantum state to-
mography [5].
In quantum information, one often deals with
single-mode thermal states. There, the relevant
property is the photon-number statistics—the ther-
mal state density matrix is diagonal with a geometric
probability distribution.
In quantum optics, when considering many radi-
ation modes, the temperature T takes a more cen-
tral role as it determines the light’s spectral radiance
according to Planck’s law. For multimode thermal
light, one can speak about its spatial, spectral, tem-
poral, and momentum coherence.
Incoherence in these degrees of freedom can be
useful. Spatially incoherent light has been used
for ghost imaging [6–12], sub-wavelength lithogra-
phy [13], and improving diffraction pattern visibility
[14] and spatial resolution [15]. Broadband spec-
trally incoherent light has been used for resolution-
enhanced optical coherence tomography [16], optical
guiding of microscopic particles [17], and noisy-light
spectroscopy [18, 19].
Various methods exist for generating incoherent
∗Electronic address: abranczyk@pitp.ca
light. Spatially incoherent, pseudothermal light can
be generated by sending a cw laser through a ro-
tating ground-glass disc [20–22]. Broadband, spec-
trally incoherent light can be generated by a thermal
source—e.g. a hollow cathode lamp [9]. Other ap-
proaches use amplified spontaneous emission from
quantum dots, [23, 24], warm atomic vapour [25],
and modified dye lasers [26]. Here, we focus on
light generated in one arm of a broadband twin-
beam state, such as that generated via spontaneous
parametric downconversion (SPDC) [27, 28] or spon-
taneous four wave mixing (SFWM) [29]. Spectral
entanglement between the beams makes each indi-
vidual beam spectrally incoherent.
Photon statistics and coherence can be studied
by measuring correlation functions. Various groups
measured such functions on light generated via
nonlinear optics. These include measurements of
time-resolved temporal correlation functions in cw-
pumped SPDC [30], time-averaged temporal correla-
tion functions in two-mode SPDC [27, 31], frequency
cross- and auto-correlation functions in two-mode
SPDC [32], multi-photon statistics of single-mode
SPDC [33], and frequency-resolved spectral corre-
lation functions and multi-photon statistics in har-
monic generation [28]. Theory has also been done on
photon-number statistics [34] and spatial correlation
functions [6, 7] of downconverted light.
But to the best of our knowledge, no one has writ-
ten down the reduced density operator for one arm of
an arbitrary spectrally-entangled twin-beam state,
nor has anyone computed its time-resolved tempo-
ral and frequency-resolved spectral correlation func-
tions.
In this paper, we show that the density opera-
tor describing one arm of a twin-beam state with
arbitrary spectral entanglement can be decomposed
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into a tensor product of states prepared in spectral
Schmidt modes, each with geometric photon-number
statistics. We therefore refer to the state as a broad-
band “pseudothermal” (BPT) state.
We then write down Heisenberg-picture operators
for the Schmidt modes and compute the BPT state’s
frequency-resolved spectral and time-resolved first-
and second-order correlation functions. These func-
tions reveal the light’s spectral and temporal co-
herence, as well as its intensity-intensity correla-
tions. We find that the spectral coherence of BPT
states can be tuned—from perfect coherence to full
incoherence—by adjusting the pump spectral width.
This is consistent with recent experiments [31]. (The
spectral coherence can also tuned by changing the
spectral phase of the pump, e.g. by applying a chirp
[35], although we do not consider this here). From
these correlation functions, one can identify interest-
ing regimes not yet explored experimentally, such as
partial spectral coherence.
In summary, the main contributions of this paper
are three-fold. First, we derive the reduced density
operator of one beam of a twin-beam state with arbi-
trary spectral entanglement, in terms of its Schmidt
modes. This expression has conceptual value and
provides intuition about the nature of the light in
each beam. Second, we derive time- and frequency-
resolved correlation functions for one beam of a twin-
beam state in terms of its Schmidt modes, and ex-
plore the relationship between inter-beam spectral
entanglement and single-beam temporal coherence.
Third, we make clear the connection between these
correlation functions and results from classical co-
herence theory. Our results should therefore be use-
ful for both experimental and theoretical studies of
partially-spectrally-coherent light.
II. BROADBAND TWO-MODE SQUEEZED
VACUUM STATE
We consider broadband light, generated by e.g.
SPDC or SFWM, emitted into two orthogonal
modes. In a one dimensional propagation geometry
where the longitudinal wave vector is specified by
the frequency, and assuming that the pump beam
remains un-depleted, the twin-beam state is:
|ψ〉 = UˆSQ |vac〉 ; (1)
UˆSQ = e(
∫∫
dωadωb J(ωa,ωb)aˆ
†(ωa)bˆ†(ωb)−H.c.), (2)
where J(ωa, ωb) is known as the joint spectral ampli-
tude (JSA) of the generated beams [36–38] and UˆSQ
is the broadband two-mode squeezing operator. The
operators aˆ(ω) and bˆ(ω) are single-frequency annihi-
lation operators that satisfy the commutation rela-
tions [aˆ(ω), aˆ†(ω′)] = [bˆ(ω), bˆ†(ω′)] = δ(ω − ω′) (all
other commutators are zero). The JSA depends on
the properties of the pump field(s) and the nonlin-
ear material. For purposes of this paper, we leave it
quite general.
To simplify calculations, the JSA can be decom-
posed as J(ωa, ωb) =
∑
k rkφk(ωa)ϕk(ωb), in what
is known as the Schmidt decomposition. The twin-
beam state can then be written as [27]:
|ψ〉 = e
∑
k rkAˆ
†
kBˆ
†
k−H.c. |vac〉 , (3)
where the operators
Aˆk =
∫
dωaφ
∗
k(ωa)aˆ(ωa) , (4a)
Bˆk =
∫
dωbϕ
∗
k(ωb)bˆ(ωb) , (4b)
are broadband annihilation operators that satisfy
the commutation relations [Aˆk, Aˆ
†
k′ ] = [Bˆk, Bˆ
†
k′ ] =
δk,k′ (all other commutators are zero), and φk and
ϕk are known as Schmidt modes; these functions sat-
isfy completeness and orthogonality relations [39].
Analytical forms for the Schmidt decomposition
are known only for two-dimensional Gaussian func-
tions [40]. For more general functions, one can
use approximate numerical methods, e.g., comput-
ing the singular value decomposition of a truncated,
discretized JSA. The impact of such approximations
in SPDC source characterization was recently dis-
cussed in [41].
One can also invert the relations in Eqs. (4) and
find
aˆ(ω) =
∑
k
φk(ω)Aˆk , (5a)
bˆ(ω) =
∑
k
ϕk(ω)Bˆk . (5b)
The twin-beam state in Eq. (3) can be rewritten as:
|ψ〉 =
⊗
k
|rk〉 , (6)
where
|rk〉 = erkAˆ
†
kBˆ
†
k−H.c. |vac〉 (7)
is a two-mode squeezed vacuum (TMSV) state pre-
pared in two Schmidt modes φk and ϕk, with squeez-
ing parameter rk ≥ 0 . Note that here J(ωa, ωb) is
not necessarily normalized and thus
∑
k r
2
k does not
2
necessarily equal 1. Each TMSV state can be repre-
sented in the number basis
|rk〉 =
∞∑
nk=0
(tanh rk)
nk
cosh(rk)
|nk〉φk |nk〉ϕk . (8)
In the Heisenberg picture, the operators Aˆk and
Bˆk transform as:
Aˆk → Uˆ†SQAˆkUˆSQ
= cosh(rk)Aˆk + sinh(rk)Bˆ
†
k ,
(9a)
Bˆk → Uˆ†SQBˆkUˆSQ
= cosh(rk)Bˆk + sinh(rk)Aˆ
†
k .
(9b)
Later, we will use the relations in Eqs. (5) and the
transformation in Eqs. (9) to compute correlation
functions.
III. BROADBAND PSEUDOTHERMAL
STATES
We are interested in the quantum state of the indi-
vidual beams, we thus compute the reduced density
matrices for modes a and b by tracing out the other
mode. The density operator for mode a is
ρa = Trb
[ |ψ〉 〈ψ| ] = ⊗
k
ρφk , (10)
where
ρφk = Trϕk
[ |rk〉 〈rk| ] (11)
=
∞∑
nk=0
Pnk |nk〉φk 〈nk|φk , (12)
is a state prepared in a single Schmidt mode φk.
The states |nk〉φk = (nk!)−1/2(Aˆ
†
k)
n |0〉 are broad-
band Fock states, and are distributed according to
Pnk =
1
1 + n¯k
(
n¯k
1 + n¯k
)nk
, (13)
where
n¯k = sinh
2(rk) . (14)
The state ρφk is like a single-mode thermal state in
the sense that it is diagonal in the photon-number
basis and the probability distribution is geometric.
But since the mode is not at a well-defined frequency,
it doesn’t make sense to talk about an associated
temperature T .
Similarly, the beam in mode b has the state
ρb =
⊗
k ρϕk where ρϕk =
∑∞
nk=0
Pnk |nk〉ϕk 〈nk|ϕk .
While both ρa and ρb obey the same statistics given
by Pnk , the states will have different spectral and
temporal properties because the spectral properties
of |nk〉φk differ from those of |nk〉ϕk .
The states in Eq. (12) can be written more suc-
cinctly as (see Appendix A)
ρφk =
1
Zk
e−αkAˆ
†
kAˆk ; (15)
Zk = Tr
(
e−αkAˆ
†
kAˆk
)
=
1
1− e−αk , (16)
where Zk is the partition function of mode k and
e−αk = tanh2(rk) =
n¯k
1 + n¯k
. (17)
Using this notation we can also write the full state
in mode a as
ρa =
1
Z
e−
∑
k αkAˆ
†
kAˆk ; (18)
Z = Tr
(
e−
∑
k αkAˆ
†
kAˆk
)
. (19)
IV. PROPERTIES OF BROADBAND
PSEUDOTHERMAL STATES
To study the coherence properties of the broad-
band states, we compute various temporal and spec-
tral correlation functions. The expressions for mode
a can be mapped to those for mode b by making the
substitution: φk → ϕk.
A. Spectral correlation function
To study the spectral coherence properties of the
light, we introduce a spectral correlation function
S(ω, ω′). Using the procedure outlined in Appendix
B, one finds that
Sa(ω, ω
′) = 〈aˆ†(ω)aˆ(ω′)〉ψ (20)
=
∑
k
sinh2(rk)φ
∗
k(ω)φk(ω
′) , (21)
and also that 〈aˆ(ω)aˆ(ω′)〉ψ = 〈aˆ†(ω)aˆ†(ω′)〉ψ = 0.
The same-frequency correlation function is
Sa(ω, ω) =
∑
k
|φk(ω)|2n¯k , (22)
which can be interpreted as the spectral density.
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B. First-order temporal correlation function
The first-order temporal correlation function for
mode a is [42]:
G(1)a (t1, t2) =
〈
aˆ†(t1)aˆ(t2)
〉
ψ
. (23)
In the limit of the state |ψ〉 having sufficiently nar-
row frequency support this quantity is proportional
to 〈Eˆ(−)(t1)Eˆ(+)(t2)〉ψ where Eˆ(±)a (t1) are the usual
positive or negative frequency components of the
electric field operator in mode a. The operators aˆ(t)
are nothing but the Fourier transform of the opera-
tors aˆ(ω)
aˆ(t) =
1√
2pi
∫
dωaˆ(ω)eiωt . (24)
We thus have
G(1)a (t1, t2) =
〈
aˆ†(t1)aˆ(t2)
〉
ψ
(25)
=
∫
dωdω′
2pi
S(ω, ω′)e−iωt1+iω
′t2 (26)
=
∑
k
φ˜∗k(t1)φ˜k(t2)n¯k , (27)
where n¯k is defined in Eq. (14), and where
φ˜k(t) =
1√
2pi
∫
dωφk(ω)e
iωt . (28)
This expression is derived in Appendix C. To see the
temporal distribution, we compute
G(1)a (t, t) =
∑
k
|φ˜k(t)|2n¯k , (29)
which can be interpreted as the probability per unit
time that a photon is absorbed by an ideal detector
at time t [42].
We can also compute a normalized first-order cor-
relation function
g(1)(t1, t2) =
G(1)(t1, t2)√
G(1)(t1, t1)G(1)(t2, t2)
. (30)
In the special case where the decomposition has only
one Schmidt mode, the normalized first order corre-
lation function is |g(1)(t1, t2)| = 1. In other words,
this is a state with finite bandwidth and thermal
photon-number statistics, and yet it has perfect first-
order coherence [42].
It is known from classical coherence theory that
correlation functions for partially coherent light can
be decomposed as sums of coherent mode functions
[43]. The connection between such spatial coher-
ent modes and spatial Schmidt modes in SPDC was
suggested and explored experimentally in [44]. Here,
we show this explicitly, in terms of spectral coherent
modes. Eq. (27) shows that for a single beam of
a twin-beam state with arbitrary spectral entangle-
ment, these mode functions are indeed the (spectral)
Schmidt modes.
C. Second-order temporal correlation function
To see intensity-intensity correlations, we look at
the second-order correlation function [42]:
G(2)(t1, t2) =
〈
aˆ†(t1)aˆ†(t2)aˆ(t1)aˆ(t2)
〉
ψ
(31)
= G(1)a (t1, t1)G
(1)
a (t2, t2)
+G(1)a (t1, t2)G
(1)
a (t2, t1) ,
(32)
where we again replaced the electric field operators
with photon number creation and destruction oper-
ators, and where G
(1)
a (t1, t2) is defined in Eq. (26).
This expression is derived in Appendix C. Eq. (32)
can be interpreted as the probability per unit (time)2
that one photon is recorded at time t1 and another
at time t2 [42].
V. CONTINUOUS WAVE LIMIT
In the case of a cw laser driving an SPDC process
at frequency ω¯p (or a SFWM process at ω¯p/2), en-
ergy is conserved according to ωa + ωb = ω¯p. The
two-mode squeezed state has the form
|ψ〉 = UˆSQ |vac〉 ; (33)
UˆSQ = e(
∫
dω r(ω)aˆ†(ω)bˆ†(ω¯p−ω)−H.c.) . (34)
We can also construct Heisenberg picture transfor-
mation (similar to the pulsed-pump case):
aˆ(ω)→ Uˆ†SQaˆ(ω)UˆSQ (35)
= cosh(r(ω))aˆ(ω) + sinh(r(ω))b†(ωp−ω) (36)
bˆ(ω)→ Uˆ†SQbˆ(ω)UˆSQ (37)
= cosh(r(ω))bˆ(ω) + sinh(r(ω))a†(ωp−ω) , (38)
and also write states for mode a (or b)
ρa =
1
Z
e−
∫
dωα(ω)aˆ†(ω)aˆ(ω) , (39)
Z = Tr
(
e−
∫
dωα(ω)aˆ†(ω)aˆ(ω)
)
, (40)
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where α(ω) = ln(1/ tanh2(r(ω))). By generalizing
the result in Appendix B, from a discrete to a con-
tinuum index, the spectral correlation function be-
comes
Scw(ω, ω
′) = n¯cw(ω)δ(ω − ω′) , (41)
n¯cw(ω) = sinh
2(r(ω)) . (42)
Eq. (41) tells us that there are no spectral correla-
tions between two different frequency modes.
The first-order correlation function for cw broad-
band thermal light is the two-dimensional Fourier
transform of Scw(ω, ω
′). After integrating out the
Dirac delta function, this becomes
G
(1)
cw(t1, t2) =
1
2pi
∫
dωeiω(t1−t2)n¯cw(ω) , (43)
as expected from the Wiener-Khinchin theorem.
From this, we can compute:
G
(1)
cw(t, t) =
1
2pi
∫
dωn¯cw(ω) . (44)
That Eq. (44) is constant also shows that the light
is fully spectrally incoherent, since time-varying in-
tensities arise from well-defined phases between fre-
quencies. Similarly, the second-order correlation
function for cw-pumped BPT states is
G
(2)
cw(t1, t2) = G
(1)
cw(t1, t1)G
(1)
cw(t2, t2)
+G
(1)
cw(t1, t2)G
(1)
cw(t2, t1) ,
(45)
where G
(1)
cw(t1, t2) is defined in Eq. (43).
If one sets α(ω) = ~ω/kBT , then ρa can be
thought of as a multi-mode thermal state in the tra-
ditional sense. Eq. (45) then becomes identical to
the expression for G(2)(t1, t2) for chaotic light, de-
rived by, e.g., Loudon [45]. The shape of α(ω) de-
pends on r(ω) which in turn depends on the non-
linearity profile of the material. It would therefore
be difficult to make light that exactly matches the
Planck spectrum. But one could match the Planck
spectrum over a finite bandwidth, or make more gen-
eral states where each frequency corresponds to a
thermal state at a different temperature T .
VI. EXAMPLES
To illustrate the pump laser’s impact on the co-
herence of BPT states, we examine the concrete case
of SPDC. We look at three examples: short pulse;
long pulse; and cw.
For simplicity, we consider pump fields with Gaus-
sian spectral distributions (e.g., shaped using optical
pulse-shaping [46]), and crystals with Gaussian non-
linearity profiles (e.g., engineered using nonlinearity
shaping methods [47–51]). We consider the system
to be in the low-gain regime and satisfy symmetric
group-velocity-matching [52, 53].
We take
J(Ωa,Ωb) = Ae
− (Ωa+Ωb)2
2σ2p e
− (Ωa−Ωb)2
2σ2c (46)
for the pulsed case, where Ωj = ωj− ω¯j (with ω¯j the
mean frequency of the downconverted beam), σp is
the spectral width of the pump amplitude function,
and σc is the width of the phase-matching function
(given as the Fourier transform of the longitudinal
shape of the material nonlinearity). We also take
r(Ω) = Ae
− (2Ω)2
2σ2c , (47)
for the cw case, where Ω = ω − ω¯a. Figure 1 com-
pares three examples. For easy comparison, we chose
σp and σc to make BPT states with similar spectral
distributions (the choice of A does not affect the nor-
malized functions). These are shown in Table I.
pump σp σc
shorter 2× 1012 s−1 2× 1012 s−1
longer 1.5× 1012 s−1 2.4× 1012 s−1
CW n/a 3× 1012 s−1
TABLE I: Parameters used to generate Figure 1.
Figure 1 (a) shows the JSA of the twin-beam state.
The JSA for the shorter-pulse case is separable (note
that this only happens for a pair of Gaussians of the
same width [54]). The longer-pulsed laser leads to a
slightly correlated JSA, and the cw laser leads to a
strongly correlated JSA.
Figure 1 (b) shows the spectral distributions in
mode a, chosen to be the same for all cases.
Figure 1 (c) shows the temporal distributions in
mode a. These vary between the three examples.
Because the short pump yields a separable JSA, the
BPT state is prepared in a single, broad, yet co-
herent, spectral mode. This means that the fre-
quencies have fixed relative phases, which leads to a
spectrally-coherent pulse of pseudothermal light. As
the pump pulse-length increases slightly, the pseu-
dothermal pulse gets slightly longer. In turn, the
relative phases of the frequencies become slightly less
fixed. In the limit of a cw pump, the BPT state is
also continuous, but broadband, and the frequencies
have no fixed relative phase relationship.
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FIG. 1: Comparison between sources pumped by a shorter-pulsed, longer-pulsed and CW laser: (a) the joint
spectral amplitude J(ω1, ω2); (b) equal-frequency spectral correlation function (normalized), (c) equal-time first-order
temporal correlation function (normalized); (d) time-separated normalized first-order temporal correlation function;
and (e) time-separated normalized second-order temporal correlation function g(2)(t1, t2) = 1 + g
(1)(t1, t2)g
(1)(t2, t1).
Notice that only the cw-pumped case satisfies the Wiener-Khinchin theorem. Also, notice that the time-integrated
g(2) decreases with increasing number of Schmidt modes, as was shown in [27].
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Figure 1 (d) shows the normalized time-resolved
first-order temporal correlation function in mode a.
The light in all three examples has drastically dif-
ferent coherence times despite having very similar
spectra. For a separable JSA, |g(1)(t1, t2)| = 1, but
as the spectral correlations increase, the coherence
time decreases. We note that since a pulse is not
stationary, it does not have to satisfy the Wiener-
Khinchin theorem.
Figure 1 (e) shows the normalized time-resolved
second-order temporal correlation function in mode
a. For a separable JSA, |g(2)(t1, t2)| = 2, but as
the spectral correlations increase, the second-order
coherence time decreases.
In summary, these examples show that by vary-
ing the spectrum of the pump field as well as the
shape of the nonlinearity function of the material,
it is possible to generate various states of light with
the same spectrum, but drastically different spec-
tral, and first- and second-order temporal coherence
properties.
VII. DISCUSSION
Broadband states generated via nonlinear optical
processes, such as SPDC or SFWM, have interest-
ing coherence properties. We calculated their spec-
tral and temporal correlation functions in terms of
the Schmidt modes of the joint spectral amplitude,
and showed that these states can be thought of as
pseudothermal states. We also showed that these
states have tuneable spectral coherence—which can
be tuned from perfectly spectrally coherent to com-
pletely incoherent. Regardless of the level of spec-
tral coherence, these states can be decomposed into
tensor products of states with geometric photon-
number statistics.
High-gain SPDC can be extremely bright for a
parametric process—up to hundreds of mW mean
power [28, 55, 56]. This is close to the ∼1 W achiev-
able via non-parametric processes [18], and is bright
enough to study interesting non-classical phenomena
such as the interplay between spectral and photon-
number coherence. Furthermore, a source based on
SPDC is extremely customizable. Beyond tuning
the spectral coherence, the spectral shape can be
customized using optical pulse-shaping [46] or non-
linearity shaping methods [47–51].
Broadband spectrally incoherent light generated
by nonlinear optics may also have application in
studying the dynamics of photoinduced processes,
such as the time scales and mechanisms under-
lying the initial step of photosynthesis in light-
harvesting complexes. Some researchers have ques-
tioned whether dynamics initiated by sunlight ex-
citation might be different from those detected in
femtosecond laser experiments performed on light-
harvesting complexes [57–61]. A broadband source
with tuneable spectral coherence might help answer
this question.
On the theory side, this work is relevant to the
study of decompositions of thermal light into broad-
band coherent modes. Thermal light cannot be
represented as a statistical mixture of single pulses
[62], but one can construct mixtures of single pulses
that yield the same first-order temporal correla-
tion function as thermal light [63]. In a one-
dimensional waveguide, thermal light was shown to
decompose into a statistical mixture of sets of co-
herent pulses [64]. Here, we show that partially-
spectrally-coherent light can be decomposed into
a tensor product of states prepared in spectral
Schmidt modes, each with geometric photon-number
statistics. Our work also connects with decomposi-
tions, into Schmidt-like modes, of correlation func-
tions for partially spatially coherent thermal light
[44].
Our formalism also provides a convenient tool
for computing any observables of broadband pseu-
dothermal states with partial spectral coherence—
even for states created with completely different ex-
perimental methods, such as [23–26, 65]. This is
due to a well-known result in quantum information
theory, the Stinespring dilation theorem [66], that
states that any mixed state can be represented as
a pure state in a higher-dimensional Hilbert space.
Any broadband pseudothermal state can therefore
be written as the reduced state of a hypothetical
broadband twin-beam state.
The relationship between spectral, temporal, and
photon-number coherence is of fundamental and
practical interest. We hope that our analysis of
broadband pseudothermal states generated via non-
linear optics provides a useful way of exploring it
theoretically and experimentally.
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Appendix A: Writing the single Schmidt mode thermal state in Gibbs form
Consider the number operator of the kth Schmidt mode
nˆk = Aˆ
†
kAˆk. (A1)
We can write its eigendecomposition and the resolution of the identity as follows
nˆk |nk〉 = nk |nk〉 , Ik =
∞∑
nk=0
|nk〉 〈nk| . (A2)
Using these expressions we calculate
exp(−αknˆk) = exp(−αkAˆ†kAˆk) =
∞∑
nk=0
e−αknk |nk〉 〈nk| , (A3)
Tr (exp(−αknˆk)) =
∞∑
nk=0
e−αknk =
1
1− e−αk , (A4)
where in the last expression we use the geometric series sum. Consider now their ratio
exp(−αkAˆ†kAˆk)
Tr
(
exp(−αkAˆ†kAˆk)
) = ∞∑
nk=0
(
1− e−αk) (e−αk)nk |nk〉 〈nk| , (A5)
We can compare this with Eq. (11) and Eq. (13) and identify
e−αk =
n¯k
n¯k + 1
, (A6)
easily verifying that 1− e−αk = 1/(n¯k + 1), completing the derivation of Eq. (15).
Appendix B: Derivation of G(1)(ω, ω′) and G(2)(ω, ω′)
In this section, we derive the frequency second- and fourth-order moments of the a fields. For the second-
order moment, we use the relations in Eq. (5) to write
〈aˆ†(ω)aˆ(ω′)〉ψ =
∑
kl
φ∗k(ω)φl(ω) 〈A†kAl〉ψ . (B1)
We then use the linear Bogoliubov transformations in Eqs. (9) to write
〈A†kAl〉ψ = 〈vac|Uˆ†SQAˆkUˆSQUˆ†SQAˆlUˆSQ|vac〉 (B2)
= 〈vac|
(
cosh(rk)Aˆk + sinh(rk)Bˆ
†
k
)(
cosh(rl)Aˆl + sinh(rl)Bˆ
†
l
)
|vac〉 (B3)
= sinh(rk) sinh(rl) 〈vac|BˆkBˆ†l |vac〉 (B4)
= sinh2(rk)δk,l . (B5)
Plugging this result into Eq. (B1), we obtain
〈aˆ†(ω)aˆ(ω′)〉ψ =
∑
k
sinh2(rk)φ
∗
k(ω)φk(ω) . (B6)
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Now let us consider the fourth-order moment
〈aˆ†(ω)aˆ†(ω′)aˆ(ω)aˆ(ω′)〉ψ =
∑
k,l,m,n
φk(ω)φl(ω
′)φ∗m(ω)φ
∗
n(ω
′) 〈Aˆ†kAˆ†l AˆmAˆn〉ψ , (B7)
As before we look at the expectation value
〈Aˆ†kAˆ†l AˆmAˆn〉ψ = 〈vac|Uˆ†SQAˆ†kUˆSQUˆ†SQAˆ†l UˆSQUˆ†SQAˆmUˆSQUˆ†SQAˆnUˆSQ|vac〉 , (B8)
and use the linear Bogoliubov transformation and then expand to obtain
〈Aˆ†kAˆ†l AˆmAˆn〉ψ = sinh(rk) sinh(rl) sinh(rm) sinh(rn) 〈vac|BˆkBˆlBˆ†mBˆ†n|vac〉 (B9)
= sinh2(rk) sinh
2(rl)δk,mδl,n + sinh
2(rk) sinh
2(rl)δk,nδl,m . (B10)
Plugging these results into Eq. (B7), we find
〈aˆ†(ω)aˆ†(ω′)aˆ(ω)aˆ(ω′)〉ψ = 〈aˆ†(ω)aˆ(ω)〉ψ 〈aˆ†(ω′)aˆ(ω′)〉ψ + 〈aˆ†(ω)aˆ(ω′)〉ψ 〈aˆ†(ω′)aˆ(ω)〉ψ , (B11)
where the terms in the RHS are given by Eq. (B6).
Appendix C: Derivation of G(1)(t, t′) and G(2)(t, t′)
The first-order temporal correlation function for mode a is given by [42]
G(1)a (t1, t2) = 〈Eˆ(−)a (t1)Eˆ(+)a (t2)〉ψ , (C1)
where Eˆ
(±)
a (t1) are the usual positive/negative frequency components of the electric field operator in mode
a. To simplify calculations, we follow Christ et al. [27] and replace the electric field operators by photon
number creation and destruction operators (Eˆ
(+)
a ∝ aˆ(t)). This is valid when the spectra of the beams are
not too broad. We thus have
G(1)a (t1, t2) = 〈aˆ†(t1)aˆ(t2)〉ψ . (C2)
We now use the relation
aˆ(t) =
1√
2pi
∫
dωaˆ(ω)eiωt =
1√
2pi
∫
dω
(∑
k
φ∗k(ω)Aˆk
)
eiωt ≡
∑
k
Aˆkφ˜
∗
k(t) , (C3)
where φ˜k(t) =
1√
2pi
∫
dωφk(ω)e
−iωt. This gives
G(1)a (t1, t2) =
〈(∑
k
Aˆ†kφ˜k(t1)
)(∑
l
Aˆlφ˜
∗
l (t2)
)〉
ψ
(C4)
=
∑
k,l
φ˜k(t1)φ˜
∗
l (t2)
〈
Aˆ†kAˆl
〉
ψ
. (C5)
Using the result in Eq. (B5), we have
G(1)a (t1, t2) =
∑
k,l
φ˜k(t1)φ˜
∗
l (t2) sinh
2(rk)δk,l (C6)
=
∑
k
φ˜k(t1)φ˜
∗
k(t2) sinh
2(rk) (C7)
=
∑
k
φ˜k(t1)φ˜
∗
k(t2)n¯k , (C8)
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where n¯k is defined in Eq. (14).
The second-order temporal correlation function for mode a is given by [42]
G(2)a (t1, t2) =
〈
aˆ†(t1)aˆ†(t2)aˆ(t1)aˆ(t2)
〉
ψ
. (C9)
Using a similar procedure as above, we can write this as
G(2)a (t1, t2) =
∑
k,l,m,n
φ˜k(t1)φ˜l(t2)φ˜
∗
m(t1)φ˜
∗
n(t2)
〈
Aˆ†kAˆ
†
l AˆmAˆn
〉
ψ
. (C10)
Using Eq. (B10), we have
G(2)a (t1, t2) =
∑
k,l,m,n
φ˜k(t1)φ˜l(t2)φ˜
∗
m(t1)φ˜
∗
n(t2)
× (sinh2(rk) sinh2(rl)δk,mδl,n + sinh2(rk) sinh2(rl)δk,nδl,m) (C11)
=
∑
k
φ˜k(t1)φ˜
∗
k(t1)n¯k
∑
l
φ˜l(t2)φ˜
∗
l (t2)n¯l +
∑
k
φ˜k(t1)φ˜
∗
k(t2)n¯k
∑
l
φ˜l(t2)φ˜
∗
l (t1)n¯l , (C12)
where n¯k is defined in Eq. (14). Comparing with the result in Eq. (C8), we find that
G(2)a (t1, t2) = G
(1)
a (t1, t1)G
(1)
a (t2, t2) +G
(1)
a (t1, t2)G
(1)
a (t2, t1) . (C13)
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